Abstract. In this paper we study the Freiman inequality for the minimal number of generators of the square of an equigenerated monomial ideal. Such an ideal is called a Freiman ideal if equality holds in the Freiman inequality. We classify all Freiman ideals of maximal height, the Freiman ideals of certain classes of principal Borel ideals, the Hibi ideals which are Freiman, and classes of Veronese type ideals which are Freiman.
Introduction
Let I be an equigenerated monomial ideal with analytic spread ℓ(I). It has been shown in [8, Theorem 1.9 ] that µ(I 2 ) ≥ l(I)µ(I) −
. Here µ(J) denotes the minimal number of generators of a graded ideal J. This inequality is the consequence of a well-known theorem from additive number theory, due to Freiman [4] . It should be noted that the above lower bound for the minimal number of the generators of the square of a monomial ideal is no longer valid, if I is not equigenerated. Indeed, for each m ≥ 6 there exists a monomial ideal I in two variables with µ(I) = m and µ(I 2 ) = 9, see [3] . We call an equigenerated monomial ideal I a Freiman ideal (or simply Freiman), if µ(I 2 ) = l(I)µ(I) −
. It is the aim of this paper to classify all Freiman ideals within given families of equigenerated monomial ideals.
In Section 1 we analyze the Freiman inequality from the view point of commutative algebra. Let I be a graded ideal in the polynomial ring S = K[x 1 , . . . , x n ] over a field K. The fiber cone F (I) of I is the standard graded K-algebra k≥0 I k /mI k , where m = (x 1 , . . . , x n ) is the graded maximal ideal of S. The Hilbert series of F (I) is of the form Q(t)/(1 − t) ℓ(I) , where Q(t) = i≥0 h i t i is a polynomial with integer coefficients h i . It has been noticed in [8, Corollary 2.6 ] the surprising fact, that, as a consequence of the Freiman inequality, one has h 2 ≥ 0 for any equigenerated monomial ideal. Moreover, h 2 = 0 if and only if I is a Freiman ideal.
We do not know whether the fiber cone of any Freiman ideal is Cohen-Macaulay. For all families of Freiman ideals considered in this paper, the fiber cone of a Freiman ideal is Cohen-Macaulay.
Assuming the fiber cone of a given equigenerated monomial ideal I is CohenMacaulay, it is not hard to show (see Proposition 1.3 and Corollary 1.9) that the following conditions are equivalent:
(a) I is Freiman. Moreover, if I is Freiman and F (I) is Cohen-Macaulay, then the reduction number of I is one, and I is level. If, in addition, we assume that I is equimultiple, that is, if ℓ(I) = height(I), then these properties actually characterize Freiman ideals, see Corollary 1.5 and Corollary 1.7.
In Section 2 we give a complete characterization of Freiman ideals of height n in the polynomial ring S = K[x 1 , . . . , x n ] with n ≥ 2, where K is a field. In Theorem 2.1 it is first observed that if I ⊂ S is an equigenerated monomial ideal of height n which is generated in degree d, then I is Freiman if and only if I 2 = (x d 1 , . . . , x d n )I. This result is then used to prove Theorem 2.4, which is the main theorem of this section. In order to formulate this main result, we need the following definition. Let I ⊂ S be a monomial ideal. The unique minimal set of monomial generators of I is denoted by G(I). Let G(I) = {u 1 , . . . , u m } and let q ≥ 1 be an integer. We denote by I
[q] the monomial ideal with G(I [q] is Freiman. Thus, in the classification of Freiman ideals it suffices to consider monomial ideals which are not proper pseudo-Frobenius powers of other monomial ideals. With this concept and notation introduced, we are ready to present Theorem 2.4, which says the following: Let n, d ≥ 2 be two integers and I ⊂ K[x 1 , . . . , x n ] an equigenerated monomial ideal of height n generated in degree d. Suppose that I is not a proper pseudo-Frobenius power of another monomial ideal. Then I is Freiman, if and only if, up to a relabeling of the variables, I = (
n ) with r ≤ min{3, n} if d = 2, and r ≤ min{2, n} if d ≥ 3. In the case that d = 1, it follows that I = (x 1 , . . . , x n ). This ideal is obviously Freiman.
In Corollary 2.6 we discuss the question in which cases the product of two equigenerated monomial ideals I and J of height n in K[x 1 , . . . , x n ] is a Freiman ideal. It turns out that this is never the case, if n ≥ 4, while if n = 3, the product IJ is Freiman if and only if
In Section 3 we study classes of monomial ideals which naturally appear in combinatorics and geometry, and ask which of them are Freiman. The classes of ideals considered here are the principal Borel ideals, the Hibi ideals and the ideals of Veronese type. For a principal Borel ideal I with Borel generator u = x i x j with i ≤ j, it is shown in Theorem 3.2(a) that I is Freiman, if and only if j ≤ 3, or j > 3 and i ≤ 2. For principal Borel ideals of degree d ≥ 3 we only have very partial results. The reason is that checking the Freiman condition for such ideals leads to difficult numerical problems, which at this moment, we are not able to handle. May be there exists another approach to these problems which we are aware of at present. Actually we expect that if u is a monomial of degree d ≥ 3 such that x 1 does not divide u, and I is the ideal whose Borel generator is u, then I is Freiman if and only if u = x d−1 2 x j and 2 ≤ j. The "if" part of this expected result is shown in Theorem 3.2(b), and both directions for n = 3 are shown in Theorem 3.3.
For Hibi ideals we have a complete answer. Recall that if P is a finite poset and I(P ) is the set of poset ideals of P , then the Hibi ideal H P is the monomial ideal in the polynomial ring S = K[{x p , y p } p∈P ], whose generators are the monomials u I = (
y p ) with I ∈ I(P ). It is shown in Theorem 3.4 that H P is Freiman if and only if there exists p ∈ P such that P \ {p} is a chain. A typical example of such a poset, but not the only one, is a poset consisting of the chain plus an extra element which is incomparable with all the elements of this chain.
For Veronese type ideals we give a complete answer in three cases. Given positive integers n, d, and a sequence a of integers 1 If a i = 1 for i = 1, . . . , n, then I a,d is the so-called squarefree Veronese ideal which, as is common, we also denote by I n,d . In this case I n,d is Freiman if and only if d = 1 or d = n − 1, see Theorem 3.5. For the proof we use the result of De Negri and Hibi which says that the fiber cone of a Veronese type ideal is Cohen-Macaulay, and that I n,d is level if and only if d = 1, d = n − 1, or d ≥ 2 and n = 2d − 1, n = 2d or n = 2d + 1. Thus we may apply our result from Section 1 which says that Freiman ideals whose fiber cone is Cohen-Macaualy must be level, and it remains to check only these cases.
Katzman [10] determined the multiplicity of the fiber cone of a Veronese type ideal. The formula is rather complicated, but in the case that a i = d − 1 for i = 1, . . . , n, the formula simplifies and one has e(F (I a,d )) = d n−1 − n. Now by using the fact, shown in Section 1, that Freiman ideals, whose fiber cone is Cohen-Macaulay, must have minimal multiplicity, we show in Theorem 3.6 that I a,d is Freiman if and only if n = 2, or n = 3 and d = 2.
The results of this paper show that Freiman ideals are rather rare. Thus one can hope that a classification of all principal Borel Freiman ideals and all Veronese type Freiman ideals is possible. We are not so optimistic that Freiman ideals in general can be classified. The Hibi ideals which are Freiman show that it would be hard to find a general pattern for all Freiman ideals.
The Freiman inequality
Let K be a field and S = K[x 1 , . . . , x n ] the polynomial ring in n indeterminates over K, and let I ⊂ S be a graded ideal. The minimal number of generators of I will be denoted by µ(I). The ideal I is called equigenerated, if all elements of a minimal set of generators of I have the same degree.
An ideal J ⊆ I is called a reduction of I if I k+1 = JI k for some nonnegative integer k. The reduction number of I with respect to J is defined to be
A reduction J of I is called a minimal reduction if it does not properly contain any other reduction of I. The reduction number of I is defined to be the number
By Northcott and Rees [12] it is known that µ(J) = ℓ(I) for every minimal reduction J of I, if K is infinite. Here ℓ(I) denotes the analytic spread of I, which is defined to be the Krull dimension of the fiber cone
A well-known theorem of Freiman [4] implies the following result [8] :
It is of interest to know when we have equality in the above theorem. To have a short name, we say that an equigenerated monomial ideal I is a Freiman ideal (or
. For simplicity we set
ℓ(I) with Q(t) = 1 + h 1 t + h 2 t 2 + · · · be the Hilbert series of the fiber cone F (I) of I, where I ⊂ S is a graded ideal of S. In [8] it has been noticed that ∆(I) = h 2 . Thus an equigenerated monomial ideal is Freiman if and only if h 2 = 0.
(b) Let J ⊂ K[x 1 , . . . , x r ] with r < n be an equigenerated monomial ideal, and let I = JS. Then I is Freiman if and only if J is Freiman. Indeed, µ(I) = µ(J) and
Let R be a standard graded K-algebra. We denote by e(R) the multiplicity of R and by emb dim(R) the embedding dimension of R. By Abhyankar [1] it is known that emb dim(R) ≤ e(R) + dim R − 1, if R is a domain. The same inequality holds if R is Cohen-Macaulay [13]. The K-algebra R is said to have minimal multiplicity if emb dim(R) = e(R) + dim R − 1. Proof. The Hilbert series of the fiber cone F (I) of I is of the form
.
Since F (I) is Cohen-Macaulay, it follows that i≥2 h i ≥ 0 and that
It follows that F (I) has minimal multiplicity if and only if h i = 0 for all i ≥ 2. For a Cohen-Macaulay ring we have h 2 = 0 if and only if h i = 0 for all i ≥ 2. This yields the desired result. β i for all i, and T /J is said to be level, if T /J is CohenMacaulay, and the last module in the graded free resolution of J is generated in a single degree.
Corollary 1.5. Let I ⊂ S be a Freiman ideal, and suppose that F (I) is CohenMacaulay. Then the defining ideal of F (I) has a 2-linear resolution and F (I) is level.
Proof. We may assume that K is an infinite field. Then there exists a maximal regular sequence y 1 , . . . , y ℓ(I) of linear forms in F (I). Let F (I) = F (I)/(y 1 , . . . , y ℓ(I) )F (I). Since F (I) and F (I) have the same multiplicity, and since by Proposition 1.3, F (I) has minimal multiplicity, it follows thatn 2 = 0, wheren denotes the graded maximal ideal of F (I). This implies that F (I) is level and has a 2-linear resolution. Since F (I) is obtained from F (I) by reduction modulo a regular sequence of linear forms, the desired result follows.
In the following theorem we consider more generally when for a graded ideal I we have ∆(I) = 0. Proof. (a) Without loss of generality we may assume that K is infinite. We set ℓ = ℓ(I). The case ℓ = 0 is trivial. So we may assume that ℓ ≥ 1. Since F (I) is Cohen-Macaulay, we can choose an F (I)-regular sequence y 1 , . . . , y ℓ ∈ F (I) 1 , where
Since we assume that F (I) is Cohen-Macaulay, it follows that h i > 0 for i = 0, . . . , q. By Remark 1.2(a), ∆(I) = h 2 . Thus our assumption implies that h 2 = 0, and hence h i = 0 for all i ≥ 2.
Let J = (f 1 , . . . , f ℓ ) and F (I) = F (I)/(J + mI)F (I). Since y 1 , . . . , y ℓ is a regular sequence on F (I), it follows that Q F (I) (t) = Q F (I) (t). This implies that F (I) i = 0 for i ≥ 2. Equivalently,
Thus, Nakayama's lemma yields I 2 = JI, as desired. In the next result we consider the minimial number of generators of the powers of a graded ideal.
(c) Assume in addition that F (I) is Cohen-Macaulay. Then the following conditions are equivalent:
Proof. (a) For the fiber cone of the ideal I, we have
It follows that
Moreover, for all k ≥ 3 we have
Since h i ≥ 0 for all i ≥ 2, it follows that
This yields the desired conclusion.
(b) The proof of (a) shows that µ(
Conversely, suppose that µ(
This shows that
is Cohen-Macaulay, it follows that h i = 0 for i ≥ 2. Therefore, the assertion follows from (b).
(
By the proof of (a) we know that
Therefore, (iii) implies that for all or just some k ≥ 2.
Freiman ideals of maximal height
The following result gives a characterization of Freiman ideals of maximal height. 
Assume first that I 2 = JI. Then, since I is equimultiple, Theorem 1.6(b) implies that I is Freiman.
Conversely, suppose that I is Freiman. Then
Note that µ(JL) = nt, and hence µ(I 2 ) = µ(JI). Indeed, suppose that x This implies that I + J is Freiman. Conversely, if I + J is Freiman, then
i.e.,
This implies that I is Freiman. It follows that
Therefore, I = (x 1 , x 2 , x 3 ) m is Freiman if and only if m = 2.
One more definition and a simple observation is required before we can formulate Theorem 2.4, let I be a monomial ideal and let r ≥ 1 be an integer. Let G(I) = {u 1 , . . . , u m }. We let I
[r] be the monomial ideal with G(I 
, it follows that m = 2. Now suppose there exists a monomial u ∈ G(I) with | supp u| = 2. We may assume that supp u = {1, 2}. Let S be the set of all monomials u in G(I) with supp u = {1, 2}. Let 
n ). Since we assume that I is not a proper pseudo-Frobenius power, it follows that d = 2, contradicting our assumption that d ≥ 3.
By the above arguments, if there exists other elements u ∈ G(I) with supp(u) = {i, j}, then {i, j} ∩ {1, 2} = ∅ and {i, j} ∩ {2, 3} = ∅. Therefore, {i, j} = {1, 3}, and hence
n ). Since we assume that I is not a proper pseudo-Frobenius power, it follows that a = 1 and d = 2, contradicting our assumption that d ≥ 3.
Proof. By Theorem 2.1 we know that r(I) = 1. Therefore, since I is equimultiple, the assertion follows from Corollary 1.7. Here we give an alternative proof using Theorem 2.4: We first notice that if I is a graded ideal and J = (I, f ) where f is a homogeneous polynomial and a non-zerodivisor modulo I. Then F (J) is a polynomial ring over F (I) in one indeterminates. Therefore, F (I) is CohenMacaulay if and only if F (J) is Cohen-Macaulay. Thus, in order to prove that F (I) is Cohen-Macaulay for a Freiman ideal of height n in K[x 1 , . . . , x n ], it is enough, due to Theorem 2.4, to show that
r . In both cases F (L) is just a Veronese ring, which is known to be Cohen-Macaulay, see for example [2] .
If in Corollary 2.5 we do not suppose that height(I) = n, is it still true that F (I) Cohen-Macaulay? 
Now suppose that supp(u) = 2 for u ∈ G(I) or u ∈ G(J). We assume that u ∈ G(I) and u = x a i x d 1 −a j with i = j. Since n = 3, we may choose the integer k with 1 ≤ k ≤ 3 and k = i, j. Then
3 ). We show that d 1 = d 2 . This then yields the desired conclusion. Indeed, suppose that
), contradicting our assumption that IJ is Freiman.
(b) If IJ is Freiman, then, by Theorem 2.4, we have
The reader may wonder why in Corollary 2.6 we did not consider the case n = 2. The reason is that there is no simple answer in this case. For example, for any integer d ≥ 4 there are many different ideals
2d (which is Freiman). But we can give an answer, if we assume that I and J are Freiman. Since any Freiman ideal in two variables is of the form (x Since the smallest nonzero element of A is a and the smallest nonzero element of B is c, it follows that c = a. Since b ∈ A and A = B, and all elements of B are multiples of a, we obtain that b = ka for some integer k ≥ 1.
Since ar + kas = at, we have r + ks = t. Therefore, t > k, and hence (k −1)a ∈ B. Suppose that r < k − 1, then this implies that (k − 1)a ∈ A, because it cannot be written in the form ia + kaj with i = 0, . . . , r and j = 0, . . . , s. Hence we must have that r ≥ k − 1.
Conversely, if b = ka for some integer k ≥ 1 and r ≥ k − 1, then the generating set of IJ is 
Special classes of Freiman ideals
3.1. Principal Borel ideals. Let S = K[x 1 , . . . , x n ] be the polynomial ring in n indeterminates over a field K. A monomial ideal I ⊂ S is called strongly stable, if for all u ∈ G(I) and all j ∈ supp(u) it follows that x i (u/x j ) ∈ I for all i < j. Given monomials u 1 , . . . , u m ∈ S, there exists a unique smallest strongly stable ideal, denoted B(u 1 , . . . , u m ), which contains the monomials u 1 , . . . , u m . The monomial ideal I is called a principal Borel ideal, if I = B(u) for some monomial u ∈ S.
Let u ∈ S be a monomial. We set m(u) = max{j | j ∈ supp(u)}. Proof. Let C be the integer matrix whose rows correspond to the exponent vectors of the monomials in G(I). Then ℓ(I) = dim F (I) = rank(C), see [5, Lemma 10.3.19] . Let s = max{m(v) | v ∈ G(I)}. Then each jth column of C with j > s is zero. Therefore, rank(C) ≤ s. Now let v ∈ G(I) with m(v) = s. Since I is strongly stable, the monomials v i = x i (v/x s ) belong to G(I) for = 1, . . . , s, The exponent vectors of these monomials are linearly independent. Therefore, rank(C) ≥ s. 
Proof. (a) Let I = B(u). By Remark 1.2(b) we may assume that u = x i x n , then
and
. . , x n )) = ∅, we obtain that
A similar argument shows that
2 ).
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By using Lemma 3.1, we then get
If i = 1 or i = 2, then ∆(I) = 0, i.e., I is Freiman. Now, we assume that i ≥ 3. Put f (n, i) = 6n
It follows that I is Freiman, if and only if n = i = 3.
Therefore, f (n, i) > 0 for all n ≥ i, this shows that ∆(I) > 0 for all 4 ≤ i ≤ n. This completes the proof of (a).
(b) As in (a) we may assume that j = n.
where J = (x 1 , . . . , x n ). This implies that I is Freiman, see Theorem 2.3.
As in part (a) we see that
Hence
14 It follows that
Note that for any monomial u ∈ S it follows that B(u) is Freiman if and only if B(x k 1 u) is Freiman. Hence, if we want to classify the principal Borel ideals B(u) which are Freiman, we may assume that x 1 does not divide u. We expect that for any monomial u ∈ S of degree d > 2 such that x 1 does not divide u, the principal Borel ideal B(u) is Freiman if u = x d−1 2 x j with j ≥ 2. For the case that n = 3, this is shown in the next result. 
3 ). Note that
This implies that
Similarly,
By Lemma 3.1, it follows that
Therefore, I is Freiman if and only if a 3 = 1, or a 3 = 2 and a 2 = 0.
3.2. Hibi ideals. Fix a field K, and let P be a finite poset. A poset C is called a chain, if C is totally ordered, that is if any two elements of C are comparable. By definition, the length of the chain C is equal to |C| − 1. The rank of P , denoted rank(P ), is the maximal length of a chain in P . We always have rank(P ) ≤ |P | − 1, and equality holds, if and only if P itself is a chain. Attached to P we consider a monomial ideal H P in the polynomial ring S = K[{x p , y p } p∈P ]. This ideal is called the Hibi ideal of the poset P . To define H P , let I(P ) be the set of poset ideals of P . Recall that a subset I ⊂ P is called a poset ideal of P , if for all p, q ∈ P with p ∈ P and q ≤ p, it follows that q ∈ P . Now the Hibi ideal associated to P is the squarefree monomial ideal H P = ({u I } I∈I(P ) ), where u I = (
Note that each u I is a squarefree monomial of degree |P |.
Theorem 3.4. Let P be a finite poset. Then H P is Freiman if and only if there exists p ∈ P such that the subposet P \ {p} of P is a chain.
Proof. By Remarks 1.2(a) it suffices to show that h 2 = 0. Since F (H P ) is CohenMacaulay (see [9] ), it follows that h 2 = 0 if and only if h i = 0 for all i ≥ 2. Therefore, h 2 = 0 if and only if for the a-invariant of F (H P ) we have a(F (H P )) ≤ 1 − ℓ(H P ). It is known that ℓ(H P ) = |P | + 1 and that a(F (H P )) = − rank P − 2 (see [3] ). It follows that H P is a Freiman ideal if and only if rank(P ) ≥ |P | − 2.
Now suppose that there exists p ∈ P such that P \ {p} is a chain. Then |P | − 2 = rank(P \ {p}) ≤ rank(P ). Therefore, H P is Freiman.
Conversely, if H P is Freiman, then rank(P ) ≥ |P | − 2. Suppose P \ {p} is not a chain for any p ∈ P . Then P is not a chain. Let C ⊂ P be a chain with rank(C) = rank(P ). Since P is not a chain, there exists p ∈ P \ C. Then |P | − 2 = |P \ {p}| − 1 ≥ rank(P \ {p}) = rank(P ) ≥ |P | − 2.
Therefore, |P | = rank(P ) + 2. This means that P = C ∪ {q} with q ∈ C. Then P \ {q} is a chain, a contradiction. If a i = 1 for i = 1, . . . , n, then I a,d is the so-called squarefree Veronese ideal which we also denote I n,d . In this case we have 
